Abstract. The universal C*-algebra generated by a partial isometry is a nonunital residually finite dimensional C*-algebra which is not exact. Many unitarily inequivalent partial isometries generating any given finite dimensional full matrix algebra are constructed. The K-groups of this algebra are computed, and it is shown that all projections in the algebra are equivalent.
Introduction
Partial isometries play a basic and ubiquitous role in several aspects of Operator Algebras, as the type decomposition of von Neumann algebras or the K-theory of operator algebras illustrates. Universal C*-algebras generated by families of partial isometries subject to certain relations involving source and range projections provide many fundamental examples of C*-algebras and have been the subject of much recent investigation ( [B] , [R] ). On the other hand, the universal C*-algebra generated by a single partial isometry may generally be viewed as intractable ( [HM] , [P] ). We further document this aspect and aim to show that it is nevertheless an interesting algebra. We show that this algebra is intimately related, in particular Morita equivalent, to the universal unital C*-algebra generated by a contraction. It follows that it is a residually finite dimensional C*-algebra which is not exact. There are other known examples of this: the C*-algebra of the free group on a set with more than one element provides (unital) examples. There are many unitarily inequivalent partial isometries singly generating any finite dimensional full matrix algebra. The K-groups of this algebra coincide with the K-groups of the Toeplitz algebra; although the projections in the algebra are tightly constrained, they are all equivalent. In particular the algebra is nonunital. The algebra also contains an ideal which is in some aspects analogous to the ideal of compacts in the Toeplitz algebra.
We are grateful to C. Phillips for pointing out the reference [OZ] .
Notation
For H a Hilbert space, B (H) denotes the C*-algebra of bounded operators on H, while K denotes the norm closed *-subalgebra of compact operators, an ideal in B (H), where ideal means a closed two-sided ideal. For A ∈ B (H) the point spectrum of A is σ p (A). For X ⊆ H, [X] is the smallest closed subspace of H containing X. If S is a subset of B (H), then S , the commutant of S, is the collection of operators in B (H) commuting with S ∪ S * . For a C*-algebra A and n ∈ N, M n (A) is the C*-algebra of n by n matrices with entries in A, and A denotes the unitization of A. If A is a set, then Id A denotes the identity map of A to itself, while if A is a unital algebra, 1 A denotes the unit. The open unit disk in the complex plane C is denoted by D.
2. The C*-algebra of a partial isometry
Denote by P the universal C*-algebra ( [B] ) generated by a partial isometry v and denote the initial projection v * v by p and the final projection vv * by q. In [P] it is shown that there is a partial isometry generating a type II 1 factor, namely the II 1 factor associated with the faithful tracial state on an irrational rotation algebra, showing that P is not type I.
The following result can be viewed as extending an early result of Halmos and McLaughlin ([HM] ). Denote by D the universal unital (with unit 1 D ) C*-algebra generated by a single element a of norm less than or equal to 1.
Theorem 2.1. The C*-algebra P is stably isomorphic, and thus Morita equivalent, to D.
Proof. Since vp = v the ideal of P generated by p is P; hence P is stably isomorphic to the hereditary unital sub-C*-algebra pPp by Brown's theorem. Therefore it is enough to show that pPp is isomorphic to D.
Since the C*-algebra pPp is generated by
we have that pPp is generated by {p, pvp}. Therefore there is a unital surjective *-homomorphism φ : D → pPp with φ(a) = pvp. On the other hand, the element
In particular, the map φ is injective, and hence φ is a *-isomorphism.
Note that since ψ is an isomorphism of the full hereditary subalgebra pPp of P,
Many properties of the two universal algebras P and D are therefore shared. Since P is described via an algebraic condition while D involves an analytic condition it is hoped that a better understanding of both algebras can result from the flexibility provided between these two conditions. Various properties of D may be known or clear to some but are included here for completeness.
Corollary 1. The C*-algebra P is not exact.
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Proof. By Theorem 2.1, it is enough to notice that the C*-algebra D is not exact. Since exactness passes to quotients it suffices to know that there is a singly generated C*-algebra which is not exact. Consider a faithful representation of the nonexact full group C*-algebra C * (F 2 ) ⊂ B (H). If u and v denote the canonical generators, set h u and h v to be the logarithms of u and v respectively in B (H). Since exactness also passes to sub-C*-algebras and the singly generated C*-algebra generated by
Since subalgebras of a residually finite dimensional algebra are also such and matrix algebras over a residually finite dimensional algebra are again residually finite dimensional, the results of Theorem 2.1 show that P is residually finite dimensional if and only if D is. The argument of [Ch] carries over easily to either algebra and is included for the sake of completeness.
Theorem 2.2. The C*-algebra P has a countable family of finite dimensional representations {π n } such that
π n is a faithful representation of P. In particular, the C*-algebra P is residually finite dimensional and has a faithful tracial state.
Proof. Since P is separable, there is a faithful representation ρ on a separable Hilbert space H.
Since Q is a projection, there is a sequence of finite dimensional projections (P n ) such that each P n commutes with Q, and (P n ) converges in the strong operator topology to 1 ∈ B(H). Denote by V n and Q n the finite rank operators P n V P n and P n QP n respectively. Noting that
and that Q n is a projection, we have that the operator
is a partial isometry acting on the finite dimensional subspace P n H⊕P n H of H⊕H. By the universality of P, there is a *-homomorphism
induced by v → W n . Since P n converges to 1 in the strong operator topology, the partial isometries W n converge to V 0 0 0 in the strong operator topology on B(H⊕H). Therefore, for any polynomial g(x, y) without constant term we have
, and π n (x) → ρ(x) = x for x in a dense subalgebra of P. Defining π to be the block diagonal representation π = π n of P, we have that π is an isometry, so a faithful representation of P.
For each n the usual faithful tracial state on B(P n H ⊕ P n H) restricted to π n (P) defines, after possible normalization, a separating family of tracial states τ n on P; their sum with suitable scalar coefficients yields a faithful tracial state τ on P.
This shows that there are no nonzero *-homomorphisms from K to P since otherwise there would be a nonzero *-homomorphism of the simple C*-algebra K to some finite matrix algebra. The existence of a faithful tracial state implies that P is a finite C*-algebra and that P, as well as any ideal of P, cannot be stable.
Corollary 2.
There is a faithful representation π of the C*-algebra P on a separable Hilbert space H with π(v) = Uπ(p) for a unitary U in the weak operator closure of π (P) .
Proof. Let π α be a countable separating family of inequivalent finite dimensional irreducible representations of P on H α . Since the projection p α = π α (p) is equivalent to π α (q) in the finite dimensional space H α , there is a unitary U α on H α with
It immediately follows that the universal C*-algebra generated by a unitary and a projection is not exact. We also see, by considering this unitary and the (symmetric) unitary operator associated with a projection, that there is a quotient of the universal C*-algebra of the free group on two generators that contains P.
We point out some elementary properties of representations π : P → B (H) . Since π(p) = π(v) 2 the projection π(p) is never zero unless π = 0. If π is a nondegenerate representation of P and R is the von Neumann algebra generated by π(P), we show that π(p) ∨ π(q) is the unit Id H of R. Denoting the projection onto the closed range of T ∈ B (H) by R(T ), then R(T * T ) = R(T * ) ([KR]) and R(T S) ≤ R(T ) for S ∈ B (H) . Thus π(p) = R(π(v) * ), π(q) = R(π(v)) and R(W ) ≤ π(p) ∨ π(q) for any word W in π(v)
and π(v * ) and therefore for any element W of π (P) .
as subspaces of B (H)), we therefore have dim(π(p)) ≥ dim(H)/2. Note also ([KR]) that R(π(p) + π(q)) = π(p) ∨ π(q).
Corollary 1 implies that P is not n-subhomogeneous for any n, in contrast to the universal C*-algebra generated by two projections which is 2-subhomogeneous ( [B] ). In fact when H is finite dimensional, B (H) is singly generated ( [OZ] ), so there are irreducible representations of D, and therefore of P, on any finite dimensional Hilbert space. The representation of P as the Toeplitz algebra on an infinite dimensional Hilbert space yields an infinite dimensional irreducible representation. If π is an irreducible representation on a finite dimensional H and dim(H) > 1, then the partial isometry π(v) must be nonunitary, and we have dim(H)/2 ≤ dim π(p) < dim(H). For H of finite dimension k the Jordan block of order k is a partial isometry which clearly defines an irreducible representation of P.
We briefly describe some other approaches to forming irreducible representations of P on a finite dimensional Hilbert space H, which also serve as further examples of partial isometries which singly generate B (H).
If H = H 0 ⊕H 0 has even (finite) dimension, choose an a ∈ B(H 0 ) generating B(H 0 ) as a C*-algebra ( [OZ] Proof. Let V = π(v) . Since an irreducible representation of a unitary must be one dimensional we have that V V If π λ is unitarily equivalent to π μ for λ, μ / ∈ σ p (V * ), then W λ (with spectrum σ(V ) ∪ {λ}) and W μ are unitarily equivalent, so λ = μ.
We have not investigated how the choice of h influences the unitary equivalence class of the representation; however, if the dimension of I B(H) −V V * is 1, then there is up to a scalar in T only one choice, and these are all in the same representation class under unitary equivalence.
For dim H = 2, α ∈ T and t ∈ (0, π/2), v = α cos t 0 α sin t 0 is a partial isometry with initial projection e = diag{1, 0} and final projection f = e. B(H) , the von Neumann algebra (and therefore the C*-algebra) generated by e and f is B(H) ( [T] ). Some computations will reveal that up to unitary equivalence these, along with 0 0 1 0 , are all of the distinct irreducible partial isometries on H with e as initial space. Iterating the above procedure for obtaining irreducible partial isometries on spaces of one dimension greater, we obtain many unitarily inequivalent irreducible representations of P on any finite dimensional Hilbert space.
Notice that these procedures supply many possibilities for constructing irreducible partial isometries on spaces; for any given such on H, one can find another such on a space of dimension either 2 dim(H) or on a space of dimension dim(H)+1. The first will have initial (and final) projection with rank dim(H), while the second will have initial projection of rank one greater than the rank of the original initial projection.
K-groups
For a C*-algebra A denote by V (A) the semigroup of equivalence classes of projections in M n (A). Consider the C*-algebra
Thus by Theorem 2.1 we also have K 0 (P) = Z and K 1 (P) = 0. The above result also implies that P is stably homotopy equivalent to K; i.e., P ⊗ K is homotopy equivalent to K. Note however that P itself is not homotopy equivalent to K, since, as noted after Theorem 2.2, there are no nonzero *-homomorphisms mapping K to P.
We consider some ideals of P with well-known quotients. Denote the ideal of P generated by p − q = v * v − vv * by J , and the ideal generated by (p − q)v = pv − v by I. We have I ⊆ J , P/J ∼ = C(T), P/I ∼ = T , the Toeplitz algebra, with the equivalence class of p the unit, while the ideal J /I is the ideal in P/I generated by (the equivalence class of) p − vv * , so is isomorphic to the compacts K. The Proof. If F is an ideal of P with P/F unital and with quotient map π : P → P/F mapping p (or q) to the unit, and if K 0 (P/F) ∼ = Z is generated by the class of the unit, then the map K 0 (π) : K 0 (P) → K 0 (P/F) is surjective, and so an isomorphism. The six-term exact sequence for the ideal F yields that K 1 (F) = 0 and K 0 (F) ∼ = K 1 (P/F). Since K 1 (C(T)) ∼ = Z and K 1 (T ) = K 1 (C) = 0, the results follow for the various ideals F.
Corollary 3. The group K 0 (P) ∼ = Z is generated by [p] .
Similar arguments show there are ideals of P with K 1 group zero and K 0 group any finite cyclic group.
We examine the projections of P in more detail. The existence of a faithful trace on P implies that the K 0 class of a nonzero projection must be nonzero, so if r is a nonzero projection in P, then Proof. Since the finite dimensional representations of P separate points, there is such a representation π with π(r) a nonzero projection in some M n (C). We may assume that π is nondegenerate. Since π(p) = π(ν) * π(ν) we must have that π(p)
